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ensemble - Phase space — Entropy -Connection between statistics and thermodynamics — Entropy

of an ideal gas using the micro canonical ensemble - Entropy of mixing and Gibb’s paradox.
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CANONICAL AND GRAND CANONICAL ENSEMBLES

Trajectories and density of states - Liouville’s theorem — Canonical and grand canonical
ensembles - Partition function - Calculation of statistical quantities - Energy and density

fluctuations
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statistics - Plank radiation formula - Ideal Bose gas - Bose-Einstein condensation

UNIT V
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UNIT I
PHASE TRANSITIONS
Thermodynamic potentials - Phase Equilibrium - Gibb’s phase rule - Phase transitions
and Ehrenfest’s classifications —Third law of Thermodynamics. Order parameters — Landau’s

theory of phase transition - Critical indices - Scale transformations and dimensional analysis.

1.1 Thermodynamic potentials

The chemical potential 4 of speciesi (atomic, molecular or nuclear) is defined, as
all intensive quantities are, by the phenomenological fundamental equation of

thermodynamics. This holds for both reversible and irreversible infinitesimal processes:

Name Symbol Formula Natural variables
Internal energy U f(TdS pdV 4 Z#;de) S,V,{N:}
Helmholiz freeenergy | F |U-T8 T, V,{N;}
Enthalpy H U+pV S.p. {N;}
Gibbs free energy G |[U4pV-T8 T,p, {N;}
Landau potential, or U-T§- N
0, o pifYi TV, {u

grand potential e Z Vidmt

1.2 Gibb’s phase rule
The Gibbs phase rule sate that in a system with r component and M coexistent phases u is
possible arbitrarily to preassign

r-M+2
variables from the set (T, P, x;%, x,7, ... x,M) or from the set (T, P, uq, tip, ... ... ).

The Gibbs phase rule gives the same results for single — component and two — component
system. For single — component systems
r=landf=0ifM=3.
For two — component systems
f=0,r=2,M=4.
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That the temperature could be arbitrarily assigned for the three-phase system (f=1,r=2
, M = 3) and the both T and P could be arbitrarily assigned for the two — phase system(f =
2,r=2,M=2).

1.3 Phase transitions and Ehrenfest’s classifications
Phase transitions can be classified according to the type of change of state variables at
the transition temperature . The first variant of this classification has been introduced by
Ehrenfest:

1. For 1storder transitions: the first derivative of the chemical potential u changes
discontinuously. At Ttrans the parameters V, H, and S change discontinuously,
while Cp becomes infinite.

2. For 2ndorder: the second derivative of the chemical potential uchanges
discontinuously. At Ttransthe  parametersV,H, andSdo not change
discontinuously, while Cp remains finite and changes discontinuously.

The Ehrenfest classification is equivalent to a more modern classification:
First-order phase transitions involve latent heat. Latent heat is the heat released or absorbed
by a chemical substance or a thermodynamic system during a change of state that occurs
without a change in temperature.
Second-order transitions are continuous.So the Cp-curves allow for an easy and rapid

identification of the transition order
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Figure 1.1 @) Ehrenfest classification of 1* and 2" order phase transitions; b) 7—Cp diagram
illustrating a so-called transition.
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1.4 Third law of Thermodynamics

Entropy is a physical quantity that indicates the molecular disorder of a system or else stated
as the randomness of a system. Mathematically, it is the amount of thermal energy of a system
that is unavailable for doing useful work. This is because work is derived from the ordered

movement of molecules of a system.

Entropy as a concept helps to understand the spontaneity of any process to come to a conclusion
that which processes are thermally possible or impossible. This explains the phenomenon of the
irreversibility of reactions. The entropy of a system depends on temperature. It increases with the

increase in temperature and decreases with a decrease in temperature.
AS =QT
where
AS is the entropy change in the system
Q is the heat absorbed

T is the temperature

Statement of the Third Law

This law deals with the concept of “absolute zero”. Absolute zero is the lowest
temperature on the Kelvin Scale which is zero. This is equal to -273.15 on a Celsius scale and -
459.7 on a Fahrenheit scale.

The third law of thermodynamics states that when the temperature of a system approaches
absolute zero, the entropy of that system approaches a constant value. This suggests that there is
a minimum measure of randomness of a system and that occurs when the temperature reaches
absolute zero. If an isolated system is constituted by the combination of two thermodynamic
systems, then any energy exchange in any form between those two systems is bounded. This can
also be explained by seeing that at absolute zero, the system does not contain any heat which

tells the presence of all the molecules at their lowest energy points.
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the temperature decreases, the heat of a system which is just a collection of kinetic energies
of the system also decreases. Thus, at some point, the kinetic energy reduces to a complete

stop which means no randomness.

1.5 Order parameters

An order parameter is generically defined as a quantity — the statistical average of an
observable — that typically vanishes in one phase and is different from zero in another one (or
other ones). One must notice though that the order parameter is not unique (e.g., any power of an
order parameter is itself an order parameter) and that there can exist transitions without an order
parameter as the topological Kosterlitz-Thouless transition in the 2d XY model that we will
study later.

In the ferromagnetic Ising model the order parameter is the global magnetisation density
— 1N
M = ~ 3N (s;)

(s)y =zt Y s;e7FHO

where N is the total number of spins and the angular brackets represent the thermal average in
the canonical ensemble (that we adopt henceforth unless otherwise stated) as indicated in the
second equation.

The sum over configurations C is just a sum over all s; = %1 in this example. In Ising
antiferromagnetic models one can define staggered magnetizations that take into account the
periodicity between two possible orientations of the local spins.

Generalisation to systems with different internal dimension of the spins (n > 1) are
straightforward.

1.6 Landau’s theory of phase transition
The free energy is given by
e F/kpT = ZH e HW/kgT 1)

Landau’s assumption is that we can replace the entire partition function by the following,

e F/kBT ~ o—Fo/kBT [ Dy e FLITWl/kgT @)

6 Statistical Mechanics



Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli

where the integral f Dl/) is a functional integral over all degrees of freedom associated with
v, instead of an integral over all microstates.

For example, if y is the mean magnetization, a given value for the magnetization can be
determined by many different microstates. It is assumed that all of this information is
contained in Fi. This is a non-trivial assumption which can nonetheless be proven for certain
systems.

The conversion of the degree of freedom from p to y is known as coarse-graining, and is
at the heart of the relationship between statistical mechanics and thermodynamics.

The next step is to minimize F[T, y],
e F/kBT o o—Fo/KBT pmin {}F[TP]/kpT )

This is tantamount to performing a saddle point approximation to the function integral in
Equation. (2).

Here’s a more formal rationalization:

e F/kBT = 3 e HUW/KBT  exact partition function - (4a)
= Y. DY Sy - ()]e "W/KET introduce  as an average
overy e (4b)
= [ DY, 8Ly - (w] e BT interchange limits —-—-(40)
= [Dy g(p) e~ W/t (4)

g() represent the degeneracy of 1)

H(u) = H(w) is generally incorrect, but illustrate the idea

T 10 g(w))/kpT

L 2 L —— (40)

F ~min H) — kgT In g(q;) saddle point approximation =~ ------- (4f)
the free energy of a system is given by
F=E-TS e (5)
In g(y) is essentially the entropy of the system. To rationalize the assumed form of the

temperature dependence of F| [T, y], we write:
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F a .
— ~ J —E*'L’;‘Q + ... — 'T_S[) —a?_.;'-*z -+ ... ]
Volume e e’
attraction reduction due to ordering (6)
— Evi,2
= F +a(T-P2+... e )

We assume there is some “attraction” necessary to induce order in the system, but this occurs at
the expense of reducing the entropy; this, in principle, is contained in the degeneracy g(y). The
competition of these effects leads to a phase transition
Scale transformations and dimensional analysis

In statistical mechanics, scale invariance is a feature of phase transitions.
The key observation is that near a phase transition or critical point, fluctuations occur at all
length scales, and thus one should look for an explicitly scale-invariant theory to describe the
phenomena. such theories are scale-invariant statistical field theories, and are formally very
similar to scale-invariant quantum field theories. second order phase transitions was the

divergence of the correlation length
E(T->T)>00 e (1)

This divergency implies that at the critical point no characteristic length scale exists, which is in
fact an important reason for the emergence of the various power laws. Using h as a
dimensionless number proportional to an external field and

T-T,

t=—¢ w)

as dimensionless measure of the distance to the critical point the various critical exponents are:

E(t,h=0) ~ 77

d(t.h=0) ~ [t°

o(t=0h) ~ R

Y (t,th=0) ~ 77

c(t,h=0) ~ ¢
y(z =00, t=0) ~ 227977

—(3)
where D is the spatial dimensionality. The values of the critical exponents for a number of

systems are given in the following table
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exponent mean field d =2, Ising d = 3. Ising

o 0 0 0.12
B : 5 0.31
~ 1 3 1.25
v 1 1 0.64
8 3 15 5.0
n 0 < 0.04

It turn out that a few very general assumptions about the scaling behavior of the correlation
function y(q) and the free energy are sufficient to derive very general relations between these
various exponents.

Those relations are called scaling laws. there is no typical length scale characterizing the
behavior close to a second order phase transition leads to a power-law behavior of the singular
contributions to the free energy and correlation function.

For example, consider the result obtained within Landau theory

according to x = x/b, where b is an arbitrary dimensionless number, leads to
k — kb. Obviously, the mean field correlation function obeys
x(@, ) = b? x(bg, tb?) (5)
Thus, upon rescaling ( k — kb), the system is characterized by a correlation function which is the

same up to a pre-factor and a readjustment of the distance from the critical point.

the mean field theory of Landau a similar relationship holds
x@t) =bp*"xbag ) (6)
if y=2and 7 =0. Since b is arbitrary, we can for example chose t b’ = 1 implying b = t¥y and

we obtain directly from our above equation

x@9 = cEY @ty ©
vy e ®)
consider t = 0 and chose bg = 1 such that
2@ 0) = = x(L0) e ©)
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Which gives

dd .
x(x, t=0) = [ (Zn;’d x (X, t=0) e**

~ [ dget** % ------- (10)
substituting z = k x gives
x(r, t=0) = x2—d4—m (11)
Thus, the exponent of Equation (5) is indeed the same exponent as the one given above.
This exponent is often called anomalous dimension and characterizes the change in the power-
law decay of correlations at the critical point (and more generally for length scales smaller than ).

Thus we can write

x@ 0 = B xa thy) 12
F(t,h) = b~P F(tbY, hb¥») e (13)
F(t,hy = ¢t P F(1, he7v¥n) e (14)
This enables us to analyze the specific heat at h = 0 as
C~ % ~ tw-2 (15)
Which leads to
dv—2 =-a& e (16)

The temperature variation of the order parameter is given as

b (t) ~ M ~ ¥ (d—un)
o Oh  |ho
--------- (17)
Which gives
B=vld—y,) = 2-A—Vy, - (18)

This relationship makes a relation between y, and the critical exponents just like y was related to
the exponent v . Within mean field
Yh= 3
h byh =1
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d 1
F(t,h) = n F(th »»,0) - (19)
This gives for the order parameter at the critical point
1
o(t =0, h)~%;°'h)~ 7 — (20)
1_d
-=—- 1.
5 Yn
— _Yn
A=yn
=== (21)
The free energy is given by
-1 -1 Bs
F(t,h) = b@=®V " F(th o hbv, ) e (19)
-1
th vn. = 1
BS
F(t,h) = tC=® F(t1, hb v, )
Susceptibility diverges at the critical point
Y §°F l::f'. h] ~ rE—nr—E.-ﬁ:i
£/ P
----------- (20)

Which leads to
y=a—2+286
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UNIT 11
STATISTICAL MECHANICS AND THERMODYNAMICS
Foundations of statistical mechanics - Specification of states of a system - Micro canonical

ensemble - Phase space — Entropy -Connection between statistics and thermodynamics — Entropy

of an ideal gas using the micro canonical ensemble - Entropy of mixing and Gibb’s paradox.

2.1 FOUNTATIONS OF STATISTICAL MECHANICS:

Statistical mechanics is the branch of science which gives the interpretation of the
macroscopic behavior of a system in terms of its microscopic properties. Statistical mechanics is
not concerned with the actual motion of individual particle
but investigates average or most probable or statistical properties of the system.

The larger is the number of particles in the physical system considered, the more
nearly correct are the statistical predictions. The smaller is the number of particles in the
mechanical system, statistical mechanics cease to have meaning.
Statistical mechanics is applicable for a system consisting large number of particles.
There are two statistical methods known as classical statistics and Quantum
statistics.

e Classical statistics explained many observed physical phenomenon like
temperature , pressure ,energy etc., but could not explain several experimentally
observed phenomenon like black body radiation, specific heat at low temperature
etc.

e For explaining such phenomenon Bose-Einstein and Fermi-Dirac made new
approach known as quantum statistics.

e Quantum statistic can be classified as,

i. Bose-Einstein statistics

ii. Fermi-Dirac statistics
2.2 ENSEMBLE THEORY: CONCEPT OF ENSEMBLES

A system is defined as a collection of identical particles. An ensemble is defined as a
collection of macroscopically identical, but essentially independent systems. Macroscopically

identical means each system satisfies the same macroscopic
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conditions ex: volume, energy, pressure etc. Independent systems mean the systems are non
interacting.
There are three most commonly used ensembles namely,
(i) micro canonical ensemble
(i) canonical ensemble
(iii) grand canonical ensemble.
2.3 Micro canonical ensemble
Collection of large number of essentially independent systems with same energy
E, volume V, and the number of particles N. All the particles are identical.
The individual systems are separated by rigid , impermeable and well insulated walls.

No exchange of heat energy as well as the number of particles between the systems takes place.

E.V.N E.V.N E.V,N
E,V.N E,V,N E.V,N
E,V.N E,V,N E.V,N

2.4 PHASE SPACE

The instantaneous position of a single particle is described by three independent co-
ordinates x, y and z. The instantaneous motion of a particle is described by momentum co-
ordinates , py, pz.
Thus the state of a single particle is completely specified by position co-ordinates x, y, z and
momentum co-ordinates px, py, pz

We may imagine a six dimensional space with volume dxdy dzdpxdp .
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The position of a point particle in this space can be described by a set of 6 coordinates xy , p,
pz. This 6 dimensional space for a single particle is damped as phase space.(u=space)

If the system contains a large number of particles such that f independent position
co-ordinates q1, g2, ... ... ... ., qf and f momentum co-ordinates p1, p2, ... ... ., pf, then 2f
combined position, momentum co-ordinates may be allowed to define 2fdimensional space
called phase space(I'-space)

The I'-space is considered to be a conceptual Euclidean space having 2f rectangular axes

and an element of volume represented by
dqi, dqz, ... .. ,dqrdp1, dpz, ... ... , dpf
The instantaneous state of a particle in the phase-space is represented by a point known as phase
point (or) representative point. The number of phase points per unit volume is known as phase

density.
2.5 CONTACT BETWEEN STATISTICS AND THERMODYNAMICS

Boltzmann used the idea that the probability of the system in equilibrium state is
maximum. Thus in equilibrium state both the entropy and thermodynamical probability have
their maximum values.

Boltzmann concluded that the entropy ‘S’ is a function of thermodynamic probability Q.

ie, S=f) (D)
Consider two independent systems A and B having entropies Si1 and S2 and thermodynamic
probabilities Q1 and Q 2 Entropy is an additive quantity and hence the entropy of systems
together must be equal to the sum of their individual entropies.

S=51+5 ...(2)

The probability Q of finding both systems will be the product of the two probabilities Q 1and
Q2.

ie N =00 ...(3)
Substituting equations (2) and (3) in equation (1) we get,
S =f(@)
= (21422) c(4)
S=851+ 52
f Q=22 (5)
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Differentiating with respect to Q1 we get,

D2f "2 f " ...(6)
Differentiating with respect to 22 we get,
O1f "= f' Q2 )

Divide equation (7)/(6), we get

a1
— =f(2)/f')

Q2
Mf'(21)=02:2f"(Q22)
0 f'(2) =constant = k

fii) =

Integrating, D) =klog+c
S=klogN+c ...(8)
For a thermo dynamical system at absolute zero Q=1 and S=0 so that c=0.
S=klog 1.

This gives the Boltzmann’s relation between entropy and probability

(a) Identification of constant ‘k’

Consider the expansion of one mole of an ideal gas at pressure p; and volume V;
into an evacuated chamber of volume V5.
The final pressure is p; and the final volume is V1+ V,.

The probability of finding one molecule in the first container with volume V1 is,
Vy

There are N molecules and hence the probability of finding one mole of the gas in the first

container with volume V1is,

01= [VlfVZ]N ..(10)

The probability of finding one mole of the gas in the container has volume Vi+V2is
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0, = [V1+V2]

Vi+V,
= [1]"

From Boltzmann relation
AS =S52- 51

=klog 2-klog 1

02
=klog ()
o1

=klog |——|"

L V14V,

=klog -—Vl;vz-
L 1
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The change in entropy when the gas changes from one state with volume Viand temperature Tz

to another state with volume V2and temperature Tzis given by,
AS = Co log + R log [Vl“’z |

T2
For isothermal change T2 = T1and hence Cvlog— = 0
T1

AS =R log [m]

1

= log [@]R

141
Comparing equation (12) and (13), we get

Nk=R

16
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k=R/N
=1.03x10 23 J/K

= Boltzmann‘‘s constant

2.6 ENTROPY OF AN IDEAL GAS USING MICRO CANONICAL ENSEMBLE
Consider a micro canonical ensemble of a perfect gas. Let there be n point particles with
mass m confined in a volume V with total energy u within the energy range éu.

The corresponding volume

AT = [dqq .o .dgsn [dpy e o dpsn
fdqq.....dgsn= Vn

Hence AT = V™ [d gy v ven oo . dg3n

The momentum space integral is to be evaluated subject to the constraint of the ensemble

u—odu<ur<u.
ur=p|2/2 .
u—O6u<i/amyr,p;’<u

The accessible volume in momentum space is the volume of a spherical shell of
radius (2mu)1/2 and thickness (%)1/2

The volume of three dimensional sphere of radius ‘R’ is,

Vs(R) = =mR?

_ 3/2 R
3
r(G+1)

3/2

_@Ri‘%

= C3R3
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f/
Vs(R) = T RO
(%)
= CfR3

Where Cr = 77
()

Therefore for 3n dimensional hyper-sphere of radius (2mu)/2* the volume is
7.L.3n/2

Van(R) = 7y (2mu)3/2

()

The volume coupled between hyper spheres of radii (2mu)1/2to [2m (u - du)]V/2is

3n/2
[dpy oo dp3 = 7(21)' [(2mu)37/2 -{2m (u - Su)3n/2}
> )!
7T3n/2
BRED) [Zmu)3/2 -{1- (1 - du/u)’/2}
m3n/2 3n 8u

N i 3n/2 - J=2n o
oy (G (Lexp(- 5 D)
For a macroscopic system 3n = 10%;

3n Su

—.— >> LU
3 u

And hence we can drop the exponential term.

n/
[dpy e o dps = %(Mu)wz
n,
AT = Vo [dqq ... dgsn
n.3n/2
= Vn (Z2mu)3n/2

3n
()
According to classical statistical mechanics, the entropy o in statistical equilibrium is given by,
o =log AT

3

n/
= log[ V» TZ' (2mu)3n/z ]

(%)
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=n [V %2 2mu)*2 - () log (3n/2)!
= n[Vr¥2 @2mu)»/2] - (3 log () + =

= n[V %% (2mu)2 ] nlog (32_”)3/2 + 37”

V n3/2 (2mu)3n/2 3n
=nlOg[T[ 3n3/uz ]‘I‘?
(%)
4Tm u 3n
o= [V(EDY? (¥ + T

We know that the entropy should not depend on the unit of hyper volume AT". To

make it dimensionless we divide it by h3~.
o =log [Al'/ h3"]

4 3
=nlog [V(%? (¥ + 5

The above equation does not satisfy the additive property and hence to satisfy the
additive property we must divide by n!
o =log [A'/ h3nn!]

[VEED2 (532 3q

=nlog o t - logn!

[VEED2 (232 3p

=nlog —n +7-nlogn + n
[ (5D (%]
o=nlog *———"—+ 5711

This expression satisfies the additive property because instead of V and u we have V/n and u/n.

We shall now establish the connection of statistical quantities with corresponding

thermodynamic quantities.

2.7 ENTROPY OF MIXING AND THE GIBB’S PARADOX
The partition function of a perfect gas is given by,

Z = % @mmKT)** e (1)
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The entropy of a perfect gas is given by,

S=NklogZ + 2Nk e ()
= Nklog [.5 (2mmKT)**] + = Nk

= Nk[logV +Zlogm+ ZlogT + C] =~ -—oome @3)

C is a constant term including h, k

The entropy given by equation (3) does not satisfy the additive property and giving paradoxial
results.

Explanation
Consider two systems a and b at the same temperature T,=Tb=T

a and b are partitioned by a barrier as shown in figure.

a b
Na,Va,T,ma | Nb,Vb, T, mb
Sa Sb

The particles of the two system are identical and distinguishable
The entropies of a and b are given by,

Sa=Na.k[log V, +§10gma+ zlogT + C]

ss=Nok[logV, +2logm, + ~logT + C] - (4)

Here Na, maand Varepresent the number of particles, the mass of each particle and volume of
system a.

Here Nb, mb and Vb represent the number of particles, the mass of each particle and volume of
system b.
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Entropy is an extensive quantity and satisfies the additive property.
If the entropy given by equation (3) had satisfied the additive property , then by removing
partition and allowing the gas molecules to mix freely, the entropy of the joint system would be

Sab=Sa+ Sb

= N, k [log Vo + Zlogmg+ >logT + C] + Ny k [log Vy +

glogmb + %logT +Cl] e (5)

If the particles of the two system are the same and for convenience we take Va=Vbr=V, Na=
Nb= N and ma= mp» = ,then the entropy of the individual system be,
Sa=Sb
= Nk[logV +>logm+ ~logT + C] ---~(6)
Now the entropy of the combined system be,
Sav=2 [logV +>logm+ ~logT + C] ---~(7)
Now we shall find actual entropy. Let the partition is removed. Allow the molecules of the gas

to mix freely. Now we have a system with 2N particles and volume 2V. Then the entropy of the

joint system ab is given by,

Sab=2Nk [log 2V +§logm+ SlogT + C]
=2Nk [log2V +Zlogm+ >logT + C] +2NK log 2

= Sa+ +2NKlog2 e (8)

Equation (8) is not equal to equation (7), but has an additional factor 2Nk log 2.

Thus by mixing of two gases with each containing N molecules and by removing a partition
between them , then the entropy of the joint system increases by 2Nk log 2.

This additional entropy is called entropy of mixing. Thus if we use equation (3) for entropy we

got the paradoxial results. This peculiar behavior of the entropy is called Gibb’s paradox.
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To resolve Gibb’s paradox

Gibbs solved this paradox by considering the two systems with the molecules are
identical and distinguishable. If two systems containing same number N are mixed by removing
the partition then the diffusion takes place unnoticeably. In this situation N molecules of each
system cannot be distinguished in N! ways.

Hence the weight of the configuration
w=N!]] gnl—:l
can be replaced by
w=TI gnl—zl
Logw = )n;logg; - Y logn;!
=X n;logg; - Xn; logn;! + Xy

=Y n;logg; -Xn; logn;! + N

From Maxwell- Boltzmann law

n; = g;e e P
Log W mex = X n;log g; - Xy log[ g;e *e P& + N
= Xn;logg; - Xnglogg; - Xnja+ Xn; fe + N
LogW max= aN + B E+ N
Let us substitute A =e—;ie,a=—1log A

LogW max= -NlogA+B E+ N

N-NlogA + B E

N[1- logA]+ B E

S =k log Whax
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= Nk[1- logA]+ B Ek

— 13
= NkJ[1- IogA]+EszTk

Nk[1- logA]+ %Nk

Nk - Nk log A + gNk

= - logA + gNk

- NK |ogg + gNk

Nk |og§ + gNk

V (2mmKT)3/2
PERET——

()
I

N Kk log[ ] + 2Nk

2

(anKT)
2

NKloglw (o=/2] + SNk e ©)

The entropy given by this equation satisfies the additive property since here in the argument of
logarithm we have V/N in place of V.

In equation (9) replacing N by 2N and V by 2V , the entropy of the combined system be given

by,
Sab=2Nk [ (@)3/2] PN
= 2{ Nk log[+ ((2”’””))3/2] + INK }
=25
= Sa+ S»

Thus Gibb*s paradox is resolved .The resolution of Gibb“s paradox is an example of the success
of the quantum theory.
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UNIT 111
CANONICAL AND GRAND CANONICAL ENSEMBLES
Trajectories and density of states - Liouville’s theorem — Canonical and grand canonical
ensembles - Partition function - Calculation of statistical quantities - Energy and density

fluctuations

3.1Trajectories and density of states

The density of states (DOS) of a system describes the number of allowed modes
or states per unit energy range. The density of states is defined as , where N(E) is the number of

states in the system of volume whose energies lie in the range from E to E + §F .

N(E)
v

D(E) =
It is mathematically represented as a distribution by a probability density function, and it is
generally an average over the space and time domains of the various states occupied by the
system. The density of states is directly related to the dispersion relations of the properties of the
system. High DOS at a specific energy level means that many states are available for
occupation. Generally, the density of states of matter is continuous. In isolated systems however,
such as atoms or molecules in the gas phase, the density distribution is discrete, like a spectral
density. Local variations, most often due to distortions of the original system, are often referred

to as local densities of states (LDOSS).

3.2 LIOUVILLE’S THEOREM

Liouville*s theorem gives information about the rate of change of phase density in the
phase space. The theorem may be stated in two parts.
The rate of change of density of phase points in the neighborhood of a moving phase point in the
I" space is zero. This part represents the principle of conservation of density in the phase space.
dp/dt =0 (D)

Any arbitrary element of volume or extension in phase in the I" space bounded by a moving
surface and containing a number of phase points does not change with time. This part represents
the principle of conservation of extension in the phase space.
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a4 = 21 dai do
— (@) =—(Il;dgdpy ... )
(i) The principle of conservation of density in the phase space

Consider any arbitrary hyper volume

6I'=068q16qz ... .....86qr 6p16p2 ... .....Opr
in the phase space located between
qiand q1+ 8q1 ... ... .....grand qf + 8qr,
piand p1+ 6py, ... ... ... prand pr + Spr.

The number of phase points in this volume element changes with time due to the

motion of phase points.

If p is the density of phase points, the number of phase points in this volume element at any

instant tis,
ON =p.6I' =pbqi1dqz ... .... 6qf 6p1dp2 ... ... ... opr —e(3)
d
p 1 [ffi + (ﬂ_) 5@1]
PrtOPy oo o A
3o ] — -
i &]1 E
9 q; o,

d _d
S @BN) = £ (p.8T)
= poér

= pdqiéqz.......5qr 6p1dpz ... ... ... opr ...(4)
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This change in the number of phase points in the given hyper volume is due to the difference
between the number of phase points entering the hyper volume through any face and the number
of those leaving the opposite face per second.

Consider two faces of hyper volume with co-ordinates giand q1 + &qau. If g1 is the component of
velocity of phase point at q1, g2, ... .... @, p1, P2, ... ... ... pr ,then the number of phase points

entering the first face AD per second

=pq10q2 . oo 1. ODF ....(5)

As density p changes with change in position and momentum co-ordinates and at the opposite

face BC the co-ordinate g1 changes to q1 + §q1 and the density p changes to (p + 6q1) at the

face BC. The velocity ¢; changesto ( ¢, + % &q1) Therefore the number of phase points
1

leaving the opposite face BC at qi+6q1 per second.

0 . aq
= (p+a—;15q1)(q1+ %5(]1)56]2... oo 1w ODF

Neglecting higher order differentials, we get

: aq
=[pqg:+ (p anll(Sql) 6q1] 6qz.. ... 1. .. 6P....(6)

Subtracting (6) from (5) we get the expression for change in the number of phase points per
second corresponding to qs.

6q1

. 0
= P oo + d1 6—51) 6q18q2 . o v 1o . ODF (7)

Similarly, the expression for the change into the number of phase points per second

corresponding to p1is

0
(p 9y + q1 )5q15q2 Lot ODF (8)

Since the change in number of phase points per second corresponding to all position and
momentum coordinates are like equation (7) and (8), then they are summed up.

The net increase in the number of phase points in the given hyper volume per second is given by,

d ad,
G @ON=SL00 (524 ) + (432 + Pige)] 61602..8478p1. ()

using equation (4) we get,
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0p_ vf (aql ) . dp
—==) -— - . 1
at Z[_:l[p aCIi + a + ( laq pl api ] ( 0)
From canonical equation,
24, _ O°H and
dq;  0q;0p;
op, _ —0°H
op;  0p;9q;
Since the order of differentiation is immaterial i.e,
0°H  _  09%H
0qi0p; 0p;dq;
We get
%, - _
0q; op;
04, aﬁl) O
— |= (11
Z (Oql op; (i

Now equation (10) becomes

ap . . dp
(o= -2 (d. 5248 3%)

ap f . 0p . Op\ _
( 3¢)an * Zi=1(qla—qi+pl 7) =0 (12)
This equation represents Liouville*s theorem

d
d_lt) (ql,.....qf,pl, ...... pf,t)

le — = o (13)

This expression represents the principle of conservation of density in phase space.
(if) The principle of conservation of extension in phase space:

Consider a very small region of hyper volume oI in the I space, so that the density of
phase points p can be taken as uniform throughout the hyper volume. The number of phase

points in this hyper volume,

SN =p. 8T
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2 (BN) = 2 (p.8D)

_ dp dasr
==8T+p— . (14)

As each phase point represents a definite system and systems can neither be created nor

destroyed, the number of phase points 6N must remain fixed.

. d —
1.e E(SN) =0
dt dt
from equation (14)
do _
dt
asr _ g
dt
asr _ o
dt
6I' = constant ....(15)

This expression represents the principle of conservation of extension in the phase space.

3.3 Canonical ensemble

Collection of large number of essentially independent systems with same temperature T,
volume V and the number of particles N. All the particles are identical. The individual systems
are separated by rigid, impermeable but conducting walls.
Exchange of heat energy between the system takes place. But not the particles. A diagrammatic

representation is shown in Figure
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3.4 Grand canonical ensemble
Collection of large number of essentially independent systems with same temperature T,
volume V, and the chemical potential p. All the particles are identical.
The individual systems are separated by rigid, permeable and conducting walls.
Exchange of heat energy as well as the particles between the system takes place.
The state of any ensemble can be completely specified by a large number of phase points in the
phase space called dust cloud.
Thus the behavior of an ensemble can be represented by a large number of trajectories (or) phase

lines (or) streaming motion of the dust cloud.
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3.5 Partition function and thermodynamic function for grand canonical ensemble
In grand canonical ensemble sub system is allowed to exchange energy and the particles
with the heat reservoir under the condition,
Es+ Er=Etand ns+ nr=n: (D)
, ns— the energy and the number of particles of the sub system.
, nr—the energy and the number of particles of the heat reservoir.
, nt—the energy and the number of particles of the total system.
The probability distribution (n) is given by,
(n)=exp[R+nu—E/] ....(2)
Q—grand potential
u—chemical potential

The grand partition function is defined as,
Z=exp(—0/1)....3)

= Y eH/T [ eE/T dr(n) (classical)

= Yn i exp(un - En,i) /T (quantum)

Z = Zn ehn Zn
Zn = Y e E/Tdr(n) (classical)
= Y e Enilt (quantum)

is the canonical partition function .

i.e the grand partition function Z is the sum of canonical partition functions Z i
for ensemble with different n’ s with weighing factor e~n/z .
From equation (3) the partition function is given by,

Z=exp(—1/1)
N=-tlogZ (4

The entropy o may be written as,
o =log AT’
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Hence

=log[—=]

p(RLE)
=—WQ+nu-E)/t
=—0N+nu—-U/t

To=—WR+nu-0U)

U—to=W+nu

=U—-t0 +pV....9
dG=dU—-1do—odt+pdV +Vdp

dU =1d 0 — pdV + udn

dG=tdo—pdV +udn—1do —odt+pdV +Vdp

=pudn—odr+Vdp

Hence

In this case

(%)T,p = u
G = un for fixed p and n.
G=un
D+nu+pV=nu
N=-pV
F+pV=un
U—1t0+pV=un
U-—t0—-0=un
U—to—un=1
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(5)

...(6)
A7)

(8)

(1)

.(12)
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d=dU—-1do—odt—udn—ndu

=tdo—pdV +udn—1do—odr—udn—ndu

=—pdV —odr —ndu -...(13)
_,do
P =- (W)‘c,u
aq
g =- (E)V,u
— dq
n =- (E)T,V

From the above three relations we can evaluate thermodynamic quantities for the grand

canonical ensemble

3.6 ENERGY AND DENSITY FLUCTUATIONS IN ENSEMBLES:
(a) Canonical ensemble

In canonical ensemble the systems are in thermal equilibrium with the heat
reservoir and so energy fluctuations take place.

For canonical ensemble partition function

= Zie_ﬂEi """"" (l)
- L
Where g = =
0z _RE:
3 - Yie FFi(-E)
= E;Y;eFhi
—BE: 0z
YiEje FFi = - 38
= _ YiEe PR
Mean energy E = W
_ LiEie FEi
B Z
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- 10z
Y]
- _ 0%z
YiEfe PEi 35
— ZLELZ ~FE;
EZ
die”
ZiELZe
Z
7z o 19z
E z 0%
Using equation (2)
_ ( 10z
aﬁ B z 3B
_ 10z
- (za[)’
_ 1 9%z 1
=L o = G
— _\2
= -[E2- (E)]
= -(3E)"

The molar heat at constant volume
0E
C, = (E v

=()(

-(5E)" (= =)

= (5E)* (L)

33

Statistical Mechanics



Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli

(E)° = KT’c,
§E =T(Kc)? e (6)
The energy fluctuation is measured by the ratio

AE \/(5_5)2

E E

T (KC,)/?
- e 7)

E
For large values of T, C vand E are proportional to the number of molecules N and hence
fluctuation is proportional to N-1/2,
For an ideal gas
E =NKT and C, = Nk

T e NG
N1/2
N
=NY2Z (8)

For a macroscopic system N = 10%.
So the fluctuations are very small in the order 107,

Therefore in canonical ensemble the distribution of energies is so peaked about the ensemble

average energy that in practice regarded as a micro canonical ensemble.

(b) Grand canonical ensemble
In grand canonical ensemble the fluctuations take place in concentration as well as energy.
The energy fluctuation can be calculated as for canonical ensemble.

For Grand canonical ensemble the partition function

7 = En,ie(n”_En'i)/T L 9)

T

0z

_ 1 nu—Eni)/T
a —_— ;Zn’in e( “ Tl,l)/

0z
T—

nu—En,i)/T —
Zn’in e( U—Eni)/T — P
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Mean concentration

S e En /T
Zn i e(nﬂ_En,i)/T

)

S|
I

Snin e En D/t

z
— T 0Z
e — 1
2o (10)
2’z _ 1 2 ,(nu—Enj/t
a_ﬂz = T_Zzn’in e( .u ‘rl,l)/
2
n2 eu—End/t = 72 92
Zn,tn e ut =1 ou?
,,le — Zn,i‘n2 (er:nﬁ;En)l/)T/T
Zn,ie H=Eni
Yo in? e(MH—Eni)/T
- z
_ 0%z
72 =12
ou?
on _ 0oz
ou outz ou
LGN LAY
z ou? z2'ou
O B0 2 0z
ou z ou? z2 ou
on 2
Ta = -( 511) -------- (12)
For an ideal classical gas
— 2mmt
n= e”/TV(—h2 )?
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on

1 2mmt
- = — ujt 4TTMT~ 2
a‘LL Te V( hZ)
om _1gm
u B
r@— n
u -

(n)° = 7

n n
_Vn
T n
pv=n KT
An _ kTq172
n [pV]

Smaller of the volume greater is the fractional fluctuation
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UNIT IV
CLASSICAL AND QUANTUM STATISTICS
Density matrix - Statistics of ensembles - Statistics of indistinguishable particles - Maxwell-
Boltzmann statistics - Fermi-Dirac statistics — Ideal Fermi gas — Degeneracy - Bose-Einstein

statistics - Plank radiation formula - Ideal Bose gas - Bose-Einstein condensation

4.1 THE DENSITY MATRIX

A pure quantum state of a system is represented by a single eigenvector v, When the
system is described by non-negative probabilities p,, pg ...... for being in states g, g.........
a statistical approach is necessary.
A pure classical state is represented by a single moving point in phase space, that have definite
value of coordinates q; gz, ................. qs, and canonical momenta pq, p; .....ps. at each
instant of time. The statistical state can be described by a non-negative density function

f(q1, gz, oo qf, D1, D2 -----Pf)
The probability that the system is found in the interval dqu,,...dgs... dp;...dpsat time tis
p(dqy,,...dg... dp;...dps)

The quantum analogue of the classical density function is known as density operator.
We know that operators can be expressed by matrices and hence the density operator expressed
as matrix is known as density matrix.
The density matrix expresses the result of taking quantum mechanical matrix elements and
ensemble averages in the same operation.
Consider an ensemble consisting of N systems in the normalized states

Y, i= 1,,23...N
Let w; be the probability that an assembly will be in the state ;.
We then define the density matrix in the{ 1; } representation as

pij = wi by e )

Suppose now we wish to calculate the probability that if a measurement is made on an
observable whose operator is A having Eigen functions @;, the result will be the Eigen value a,,
corresponding to the Eigen function @; .
If the assembly is in the state ; and we express ; as a linear combination of the @; we

obtain
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Y Xjc 9 e )
The probability that a measurement of A will give a, is then simply c;, * c;,.But the

probability that the assembly is in the state 1;is w;. Therefore the probability that the
measurement of A will yield a, is just

YW Cin * Cin = X 2jW; 6ijCin * Cin
= Xi2jPijCin * Cin
= XiXjCin * Cin J Wi * P Y, dg
=[Qicn )P Eicin P™) dg
= [p*p Pppdg e @3)

Therefore the probability that the measurement on A will give a, is just

f(bn * ﬁ Qn dq = pnn, """"" (4)
Now suppose we wish to calculate the average value of A. This will be simply

(A) = ¥an pun’
=an®nﬁ an®n dq
= Ynf 0D, * ﬁZ;an@n dg

= Trace [p 4]

We note that the average (/T) is a double average, quantum mechanical average and a statistical

mechanical average

4.2 Statistics of indistinguishable particle

By indistinguishable particles we mean that if the position and spin coordinates of two of
them are interchanged, there is no physical way of measuring that a change has been made. In
classical mechanics identical particles do not lose their individuality despite the identity of their

physical properties . If a pair of particles is completely equivalent even then it is possible to
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identify them by the continuity of their trajectories because this property enables an observer to
follow each particle.
This is due to the fact that their wave packets do not overlap, and the particles move in separate,
distinguishable continuous orbits.
As an example, consider the molecules in a gas at N.T.P.
Molecular density = 10*° mole./cm.?
3

Volume available to each molecule = 10™° c¢m.

Molecular radius = 10%cm.

i 3
Molecular volume = 10% cm.

Because the molecule is smaller than the volume available, we can identify every molecule of the
gas. The molecules are thus distinguishable.
The situation is quite different in quantum mechanics as follows at once from the uncertainty
principle. Due to the uncertainty principle, the concept of the path ceases to have any meaning. If
the path of an electron is exactly known at a given instant, its coordinates have no definite values
even at an infinitely close subsequent instant. By localising and numbering the identical particles
at some instant, at some other instant we cannot say which of particle arrived at that point. In
guantum mechanics there is no way of keeping track of each particle separately when the wave
functions of two identical particles overlap. Thus in quantum mechanics there is, in principle, no
possibility of separately following each of a number of similar particles and thereby
distinguishing them.
As an example, we consider the conduction electrons of a metal:

Density of electrons = 10%* per cm®

Volume available to each electron = 10 cm®

Momentum py = (2mE)"? for 1 eV. = 0.5 x 10™° erg-sec cm™

Uncertainty in position Ax = h/px= 13 x 10 cm.
Volume of conduction electron = (13 x 10®)2cm®=2 x 10* cm®.

Comparing the volume of conduction electron to the volume available, we conclude that the
electron wave functions overlap considerably and hence they are indistinguishable.
Thus we have two categories of particles:

(i) Classical, which are identical but distinguishable.

(ii) Quantum, which are identical and indistinguishable.
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When quantum particle density is low, i.e., uncertainty is small in comparison to the volume

available, the particles obey classical statistics otherwise we use quantum statistics.

4.3 Maxwell —Boltzmann statistics

The particles are considered distinguishable and any number of particle can be any one state.

1 2 3
ab - -
- ab -
- - ab
a b -
b a -
a - b
b - a
- a b
- b a

Total states 32 = 9 possible states for the whole gas.
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4.4 Fermi-Dirac statistics

Particles are indistinguishable ,i.e b=a

1 2 3
d a -
d - |
- d d

3 possible states for the whole gas.

probability that the two partcles are found in the same state

Lete=
probability that the two particle are found in different states

Thus for the three cases,
EM-B=3/6 =1/2

EB-E=3/3=1

EF-p=0/3 =0
Thus in B-E statistics, there is a greater tendency for the particles to bunch together in the same
states in comparison to M-B statistics. On the other hand, in the F-D statistics, there is a greater
relative tendency to particles to remain apart in different states than there is in classical statistics.
Consider a system having n identical and indistinguishable particles. These particles be
divided into quantum groups such that there are ni,nz,...,n;,... number of particles with energies
£1,€2,...,&i,... respectively.

gibe the number of eigen states in the ith level.
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Conditions
Particles are identical and indistinguishable Particles obey Paulis exclusion principle. Hence
each cell contains 0 (or) 1 particle. Obviously g; > .
The total number of particles in the system is constant.
N= )n; =constant
The total energy of the system is constant

E= )n; ¢ =constant

4.5 IDEAL FERMI GAS
Consider a perfect Fermi-Dirac gas of n Fermions. These particles be divided into quantum

groups such that there are ni,ng,...,n; ,... number of particles with energies &1,&2,...,& ,...
respectively. g;be the number of eigen states in the ith level.
For the most probable distribution
— gi
n; = @ tBe;+1

- 1
herea=k—” , B= —

— gi
loa+pej+1
A

where, A = e %

a may be positive or negative.

The constant a can be determined by the condition
_ 9gi
n=Xn = L—peri

— 9i
T Tapert T @
A

Since the particles in a box are normal size and the translational levels are closely spaced and

hence now the summation is replaced by integration.
The number of particle states g p dp between momentum p and p+dp is given by

_ antp?dp
- -gS h3
2
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_ 4mVp?dp
=9s —3

gs = degenaracy factor = (2s + 1)
AmtVp?dp
Nowg (P)dp=9gs 5

Then equation (1) can be rewritten as
g(p)dp
n (p) dp —oatBe+1

4mVp2?dp 1

T9 T patBetl
2
E= & = L
2m
p? = 2me
2pdp =2m de
-m
dp = . de
. m
T VZme

=(30)"/? de

Now equation (3) becomes

4tV
n (&) de = gs?(Zm £) (%)1/2 d

_A4AmmV 1/2 de
Y (2me) o0+ BE+1
€
_— X
kT
e=kTx
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de = kTdx

4mTmV kTdx

n(e)de = gi—=—(2mkTx )1/2 SatPe 1

1/2dX

3/2
= ge35(2mKTx) f SatBe 1

The total number of particles is given by

oV 3/2 2 xM2dx
n= fo 9s ﬁ(zkaX) VT g@+BeF1
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— |4 3/2 2 x1/2dx

Is E (kaTX) 0 W‘Eiﬂ
n=gs h_V; (2mKkTx )3/2 fl@ 0 eemeeeee- (6)
h _ if xM2dx
w eref1(a)_\/E 0 GatBeFl
The total energy is given by

E= fooosn(s)ds
_ [ V 3/2 2 x1/2dx
B fo kTx g, "3 (2mkTx) VT @ t+Pei+1

3

— V 5 2 o x3/2dx
—_ ; 4 [ee] x3/2dx
= (kaTX) e Jo eI
_3 Vv 3
=50 FkT (2mkT )2 f2(@) - (8)
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4 o x3/2dx
fo@ = 5= Jo RS

f1(a) and f2 (@) must be evaluated for both positive and negative values of a.

Now we introduce the Fermi-Dirac distribution function f(¢) defined by,

n(e)
g) =
1@ =~
. 1
T ea+B/kT+1
. 1
= SG—ep)/kT+1 T (10)
Wherea=—1= _iE
kT kT

At T=0K, f(e)= 1 for e<er(0)
= 0 for &>¢er0)
=1 for e=¢r

This is shown in the figure.

f(e) f(e)-%

0 g (0
E ——

er is determined by the condition that the total number of particles is constant at a given

temperature T.
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The number of fermions in the energy range between e and € + de is given by,

n(e)de=[f(e) g (e)de

3/2
_ 4Tmyv 1/2 €
E (2m) oe—ep)/kT+1 T (11)

At absolute zero, all states with 0 < € < er(0) are completely filled and all states with

€ > (0) are empty.

erat T=0 K i.e. er (0) is determined by,
n=Jf"* O (o) de

= [Pt g (o) ae
= 57O g ey ae

(O g Y )2 g,

47:;”/ (2m )1/2 I F O 1724,

— 8s

1/2 (2
g 0¥ (2m) * [5 £r(0)*/2]

3/2 _ 3n h3

h3 3n 2/3
er(0) = — L — 12
This gives the Fermi-energy at T= 0K.
For particles with spin equal to 1/2, gs=2 ie, one particle with spin up and another with spin
down. Now we define Fermi temperature Tras,

er(0)
k

F:
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T<<Tr

T>Tr

T>>TrF

— h2 3n ]2/3
(2mk) "4V gs

_ mn
pP=7
n _ pP
74 o m
h? 3p
Tr ]2/3

- (2mk) “4mTmgg

h2 3p
Tr= 5 [ ]2/3
(2m5/3k) “4mg

strong degeneracy o is negative

weak degeneracy a is positive

non degeneracy a is positive
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4.6 Bose-Einstein statistics:

Particles are indistinguishable and no more than one particle can be in any one state.

1 2 3
aa - -
- aa -

- - aa
a a -

a - a
- a a

3+3 =6 possible states for the whole gas.

Consider a system having n identical and indistinguishable particles. These particles be
divided into quantum groups such that there are n1,n»,...,n;,... number of particles with energies
£1,€2,...,Ei,... respectively.

gibe the number of eigen states in the ith level.

4.7 ldeal Bose gas

Consider a perfect Bose-Einstein gas of n bosons. These particles be divided into
guantum groups such that there are ni,nz,...,n;,... number of particles with energies €1,&2,...,&
,... respectively.
gibe the number of eigen states in the ith level.

For the most probable distribution
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— gi
n; = edt+Bei—1

here @ = — = —
kT '’ b KT
— gi
%eﬁei—l

where, A = e~ ¢
Since the number of particles cannot be negative, we must always have
1 .
n =0, —ePei > ¢
A
The constant a can be determined by the condition

n=3Yn = X 2

ea+ﬁei—1
— i
B 2
A

Since the particles in a box are normal size and the translational levels are closely spaced and
hence now the summation is replaced by integration.

The number of particle states g p dp between momentum p and p+dp is given by
amrp?dp
gS h3
v

4mVp?dp
h3

S

gs= degeneracy factor = 1

AmtVp?dp
Nowg (@) dp=gs—3— == (2)

Then equation (1) can be rewritten as

g(p)dp
n(p) dp ~patpei—1

4mtVp?dp 1
h3 ea+Bei—1 """ (3)

=7s
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— - P
€= & = o0
p? = 2me
2pdp =2m de
-m
dp—pde
. m
T VZme

=(30"/? de

Now equation (3) becomes

4TV m 1
n(€)de = ?(Zm £) (;)1/2 de pat+e/kT—1

4TmV

_ 112 de
N E (st) ea+e/kT-1 T (4)

&
— =X
kT

e=kTx
de = kTdx

3 (2mkTx ) .

at+x—1

n(g)de =

1/2
_V a2 2 XX
—ﬁ(zkaX ) \/_E pa+x—1
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The total number of particles is given by

3/2 2 x'2dx

n= fo 3 (2 kT ) ea+x—1
_ Vv 3/2 2 1/2dx
- ? (kaTX ) 0 e)(;+x—1
- h_V3 (2mkTx )3/ 20 D — (6)
x1/2dx
where f1 (@) = f = A (7)

The total energy is given by
0.0)
E= fo en (g)de

3/2 2 x1/2dx
\/_ﬁ ea'+x—1

= fooo kTx % (2mKkTx )

3 3/2
_V 2 oo x°/4dx
= ? (kaTX )2 N f() ea+x—1

oo x3/2dx

Y (2mkTx )%i [o XA
n’ 3y 0

N W

ea+x—1

N | W

3
h—VBkT (2mkT)? f2@) e @)

o x3/2dx
f() ea+x—1

4
f2@) = 3V

For A <1, f1(a) and f2 (@) may be evaluated as follows:

1
x2dx

fr@) = \/_f e tx— Satx—1

[l

fooo 3;2 dx

G-
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o 1 .eX -1
= e(G -1 dx

—\/%fom i A e*(1—Ae ™) tdx

3l

= [~ v Ae~*(1+ Ae~ + A%e~2% 4 .. )dx

T

= \/iﬁ [ xi A e *dx + Iy i A%e~2xdx + ]

AT
fre@) =¥z~ e (10)
T2
o x3/2dx

Similarly f2 (@) = \/— f ea+x—1

fz@) =X A_g ------------ (11)
Now,
= h—V3(2kaX) / f1@)
4 3/2 A A3
E(kaTX) [A+5+ S+en] e (12)
22 32
E = 2 VKT 2mKT)? fo)
2 h3
3y 3 22 23
E =2 FkT (2mKkT) [A+5—%+ R I (13)
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2 3 2 3
3
= —kT[A+A—3+ A ] [A+A—3+ A 11
2 52 52 2z 32
3 A A%
= - kT [1-—5+ - T ] ------- (14)
2 22 32

The value of a (or) A can be determined by equation (6) as

n= h—V3(2nka )3/2 f1@)

h3

_n___ -
fr@ = V. (2mmkT )3/2

Here f1(a) is directly proportional to particle density n/v and inversely proportional to
temperature as T3/2.
ForA<<1,fi@)=A4
—_n —h3
~V (2mmkT)3/2

Obviously A would be small for high temperatures (low density).

4.8 Bose-Einstein condensation:
The degeneracy parameter A is given by,

n_ R®

A = 3
2

v
(2mmKT )

3
And n= % (2mmkT)?2 fi@) e 2)

If the particle density is increased or the temperature is decreased then A increases. Now the
behaviour of perfect gas departs from the classical perfect gas. This is due to the fact that the
velocities of the particles are subjected to quantum statistics.
The gas under this condition is said to be degenerate gas and A is called the degeneracy
parameter.

'A’ contains three variables n/V - the particle density , m - mass of each boson and T -
temperature of the gas.

The degeneracy criterion will be based on the magnitude
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n/V
(mT)l/Z

Thus the degree of degeneracy will be large when T is low, n/V is large and m is small.
For low energy values A=1 and a=0.
Then[ f1(@)] max= f1(0)

= 1+5+ Ftem]
22 22
=2.612
2
now (g)qu = w 2612 s (4)

Equation (4) corresponds to the limiting case of Bose-Einstein degeneration.

The solution of equation (2) can exist for

3
2mmkT )2
_ (zmmkr)

2612 e 5
e (5)

<I=

n/v can be alternatively expressed in terms of critical temperature To defined as

3
n (2mmkT, )2
;= TO 2612 e (6)

n 1

3
p— 3
(ZﬂkaO )2 - h > m

3
2nmkT, =h? (~—)2

V 2.612

2 3

h n 1 =

TO = ( - — )2
2mmk V 2.612
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E

)

E,
Fa
o
degenerﬂc:r
|

- |
l

0 To 4fr"l"

Tois the lower temperature for which a solution of equation (2) is possible.

There is no solution for T < T, i.e. the degeneracy starts at T..

A graph is drawn between the energy E and temperature T of the gas. Why there is no solution
for T < T,. This is because we have assumed continuous distribution and replaced the summation
by integration. But at low temperature, the number of particles begins to crowd into lower energy
levels. Hence a large number of particles may occupy the ground state & = 0.

The number of particles between the energy range € and € + de is given by,

g()dp
n@d =g (8)
g (&) de= 47:;”/(2171 8)1/2 [0 17— 9)

For ground state actually eo=0and g (¢) =1 butnot g (¢) =0
For e # 0 and g(¢) # 0, the distribution given by equation (8) is correct.

But for e = 0, g (¢) = 0 the law gives incorrect result.

For a single state, n; = #
ci=¢c=0
gi= (=1
n=no= a1 ___________________ (10)
e® -1
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This gives the number of particles in the ground state.

Now the total number of particles for the degenerate gas,

n=mno+ [ n(g)de

004an gl/?
=no+ [, (2m &)Y/? sare—1de
=ne+n" e (11)
; _ rodmmV 1/2 gl/2
- fo w3 (Zm £) / ea+£/kT—1dS
, |4
n' =3 (2emkT)*"?  fica)
From equation (6)
2 1
(2mrmkT)z = n e
Now
f:
n'= n (@Y ES (14)

As f1(a) < f1(0), n’acquires its maximum value when a = 0.

Hence f1 (@) = 2.612 for maximum value.

T

n=n (T—)3/2 for T <To
0

n=no+n

T2

n=no+ N ()2
To

3

n=n- n(=):
To

no=n [1- (Tio)g] for T < To. .. (15)
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1
W “\\

n N
— 05
No

II
0 0.5 1

no gives the number of particles condensed in the ground state. When the temperature is lowered
below To, the number of particles in the ground state rapidly increases. This rapid increase in the
population of the ground state below the critical temperature To for a Bose - Einstein gas is called
Bose - Einstein condensation.

Obviously Todepends on the particle density n/V. Equation (15) is plotted in figure which
represents the fraction of particles condensed in the ground state for T < To.
At the ground state € = 0, the particles condensed in the ground state do not contribute to the
energy.
For above To, a # 0 there is negligible number of particles in the ground state and the gas is said
to be classical or non - degenerate gas.

Example: For Helium Tocan be calculated to have the value 3.12 K.
Therefore the degeneration and condensation of Helium must start at 3.12 K. But experimental
observation shows that the condensation of Helium starts at 2.19 K.
i.e. the lambda point transition observed in liquid helium at 2.19 K is essentially a Bose-Einstein

condensation.
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UNIT V
REAL GAS, ISING MODEL AND FLUCTUATIONS

Cluster expansion for a classical gas - Virial equation of state — Calculation of the first Virial
coefficient in the cluster expansion - Ising model - Mean-field theories of the Ising model in
three, two and one dimensions - Exact solutions in one dimension. Correlation of space-time
dependent fluctuations - Fluctuations and transport phenomena - Brownian motion - Langevin’s

theory - Fluctuation-dissipation theorem - The Fokker-Planck equation

5.1 Cluster expansion for a classical gas:
Monoatomic gas whose potential energy is given by a sum of two particle interaction uj;.

The Hamiltonian of the system is then given by
.2
H = Zi(Z_Lm) + YicjUij 1)
The potential u;; is a function of the relative position vector r;; (=r1j- ;) .
The partition function of the system would be given by

Qu(V.T) = —x fexp (~B i) — B icjuyy} dVp dVr —()

N!h3N

Integrating over the momenta of the particles

1
Qn(V.T) = —=5 Jexp{—B Xicju;;} d*Np d3Nr
= L ®

Where A is the mean thermal wavelength of the particles, with the function Z,, (V,T) stands for

the space coordination ry, > 13 Ry
Zo(VT) = Jexp{—B Xicjuy} d*"r
= [Micje P d3Nr e (4)

The function Z, (V,T) is the configuration integral of the system.

For a gas of non-interacting particles, the integrand in (4) is unity, then we have
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Z,OwnvT1) =W

and
N

N3N

To treat the non-ideal case we introduce, after Mayer, the two-particle function fj; , defined by

Q. OV,T) =

the relationship.
Fi=e Pw-1 (6)

The absence of interactions, the function fj is identically zero, in the presence of interactions, it
is nonzero but sufficiently high temperatures it is quite small in comparison with the unity.
A typical plot of the functions u;; and fjj is shown in figure

I.  The function fj; is everywhere bounded and

I. It becomes negligibly small as the inter particle r;; becomes large in

comparison with the effective range r of the potential.

To evaluate the configuration integral(4) we expand its integrand in ascending powers of the

function fj;

Z, (V) = [[lic;(1 + fij) dPry .o dPry

=1+ 2fy+ Zfijfut ] &r dPry s (7)
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A
u, O o —>1;;
A
I
hy
f
i
A i
+HF by
[]
T I
; o f'l: —»lj;
o

o

A convenient way of numerating various terms in (7) is to associate each term with a

corresponding N-particle graph. For instance, is N were 8, the terms
3 3
ta = [ faafogd' 11 .. d7Tg
and

te = [ fiz2 fia f67d3r1 ----d37"8 """" (8)

In the expansion of the configuration integral Zg could be associated with the 8-particle graph

VOGO | [Oe 60
® @® ©® ORONGEGI o

A closer look at the terms ta and tg suggests that we better regrad these terms as suitable

factorized, that is
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ta = [d°ry [dory [ &rs [ A1y [ faa dr3d’ry [ foa dPred’rg
= (1@ B1.(0).C—).16-6) (10)
tg = fdgr3 fd37'5 J d37"8 S fizfia d37'1d37‘2d31‘4 [ for d3T6d3T7

= [®]-(®)].1®).[E—T)-I (11)

& @

The term ta in the expansion of the integral Zg represents a configuration in which there are four
‘clusters’ of two particles.

Term tg represents a ‘configuration’ in which there are three ‘clusters’ of one particle.

Cluster cannot be decomposed into simpler graph inasmuch as the corresponding term cannot be

factorized into simpler terms.

[ a1 o 1) d3r1 - d3rN -------- (12)

Z, (V,T) = sum of all distinct N-particle graphs ------ (13)

(—@

Effuf14f|5f15f3u’f3r1---d3f5- (14)
3 OG

A group of | particles (I = 1 or 2) can lead to variety of | — clusters, some of which may be equal

S odoed ~ &
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In view of the variety of ways in which an | cluster can appear, we may introduce the notion of
the cluster integral b, defined by

b (V,T) = X (the sum of all possible I clusters) ------ (16)

1|/13(l Dy

Some of the simpler cluster integrals are

by = —[@] fa’n =1, (17)
[®_® 213Vf fl’d ry d3F2

2 >
A 913/}".1& .l"p:-)\‘—}/f{f}l'”d.‘"
0

by =
- zﬁ.‘v

o]
2
- / ("N _ 132 g, (18)
"0
1
by = 6}.'5V x [sum of the clusters (15)]

~ 6ASV /‘f' fl-”"'fl’f-3+fnfza+fwfuf..a}d ridiridry

~ G}GV \31’/ ffizdrzdng+ Vf fefifadng d3r|3]

=2+ o [ [ fafufadindns, (19)

N- particles graph will consist of a number of clusters of which, m; are 1 — clusters, m, are 2-
clusters ms are 3- clusters and so on.

Nolmi = N e (20)

It represent the ‘collection of graphs’ the sum total of which may be denoted by symbol S{m}.
Zy(VT)=XSm} o (21)

Case (i) straightforward factor of

Case (ii) ifall I clusters were unique in their formation.
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For case (i) we obtain a straight forward factor of

N! _ NI
(1!)1111 (2!)1712 ..... - Hi(l!)ml --------- (22)

Production of combinatorial factor (22) with ‘the value of any one graph in set-up’

The corresponding correction factor being

Lamy (24)

A little reflection now shows that case(ii) is completely and correctly taken care of if we replace
the product of the expression(23) and (24)
[1;(the sum of values of all possible | — clusters)™/m;!") ----—-- (25)

Equation (16) may be written as

R (T ) O e I (26)

Obtain the configuration integral

Z(V T = NN BT bp™ )] e (27)

The partition function is written as
ZzV,T)=3¥N=0z"Qn(V,T) e (28)

Move over to the grand partition function of the system,
Substituting for Q, (V,T) from (29)

Z(zV\T) = Zimama, o[l {(Biz' )™ =]

[T7241 %l:o{(blzl A%)ml i}

my!

exp B2 {(biz D e (29)
ININZ = 532, (bz")}
P

. 1
k_T - llm,,_)oo (; In Z)
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= 5IR1(biz)}

N . z0InZz
; = hmv_)oo(; 0z )

ST bz} e (30)

Equation (29) and (30) constitute the famous cluster expansion of the Mayer-Ursell formalism.
Eliminating the fugacity parameter z among these equations, we obtain the equation of the state

of the system.

5.2Virial equation of state:
Since a; = 1, the lowest order virial coefficient that need to consider here is a, which is

given by

8 =-b =2 [P(1— e MO dr W

u (r) being the potential energy of interparticle interaction
un =4e[O? -1 e (2)
For most practical purposes, the precise form of the repulsive part of the potential is not very
important. It may as well be replaced by the crude approximation
u(r) = +toforr<r, e (3)
u(r) = -Uo (n)°® (r=1,) e (4)
The potential given by expression (3) and (4) my used if one is only interested in a qualitative

assessment of the situation and not in a quantitative comparison between theory and experiment.
Substituting (3) and (4) into (1)

& = [y ridr+ [C(1—exp [P dr e (5)

2mry3 ( _Ug

a, ~
2 313 KT

Substituting (6) into the expansion we get first-order improvement on the ideal gas law,
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Tl
213 u
S e S 76
TRy e 7(b)
2
Where B, = ayA3 = nro (1- E ------ (8)
2mro3ug ~ kT ano kT 2131
P+ 3v2 {1 } v i+ 3v }

Which readily leads to the van der waals equation of state

P+ %) (v-b)=kT ©)

27'[7"0 3 Ug 27TTO 3

Wherea:T, b =

=4 Vo e (10)

The parameter b in the van der waals equation of state is exactly four time the actual molecular

volume

B =2m [ (1—eWTyr?dr e (11)

Ur) = (D2 -2 1 e (12)

5.3 Ising model

The Ising model was invented to describe the physical system of a ferromagnet and
especially its behavior at the critical point Tc. In order to describe the system, its thermodynamic
quantities are derived from the partition function

2 = Teexp (<E(s) e )

Here, the sum is over all possible micro-states s, E(S) is the energy of the corresponding micro-
state s and _f5= 1/(kgT). The energy of a micro-state E(s) is given in the model by the energy of

a certain configuration o of the magnetic moments
E(oc ) =Eo(J, o) + E1(B, 0)
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=Eo(J,0)-BYN,0, = (2)

Here, the first term represents the energy due to the molecular interaction with bond strength J.
The second term corresponds to the energy of the system in an external applied magnetic field
~B parallel to the preferred axis whereas here and in the following the Bohr magneton is equal to

unity. The free energy per site f in the thermodynamic limit can be calculated by
fBT) = -ks Tlimy_e, =N (Z(B) oo 3)

The magnetization M of the system is given by the average of the magnetic moments

o; per site:

M(B,T) = %(01 b ay)

~¥{oy + - ..on) exp (—BEo(],0)) - B I, 0 -(4)

1
N
Using equation (3), the magnetization can be calculated as the derivative of the free energy f per

site with respect to the magnetic field strength B:

M=-2fBD e (5)

5.30ne-dimensional Ising model
Ising’s original solution for the linear chain assumes a configuration of N elements

with a; positive and o, negative g;-values such that
N=V;+V, e (6)

[ i i J ¥ :
-t =+ ———— + T - — 4 ———
L.

S— — - S —

Further, the groups of connected lattice sites with ;= - 1 that are embedded by lattice sites with
o;= +1 are counted by the variable s and shown in figure by the curved brackets. The variable §
is either O or 1, depending on whether the chain ends on the right with ;= +1 or g;= -1. All
possibilities to arrange a fixed number of o; positive and o, negative lattice sites such that the

chain always starts with a positive lattice site on the left are given by
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v — 1 . vy — 1
s s+6—-1)

Here, the first binomial coefficient counts the possibilities to choose the s gaps between the v,
positive lattice sites. The second binomial coefficient in equation (7) counts the possibilities to
distribute the v, negative lattice sites on s + § positions in the chain.

If the linear chain starts with a negative lattice site instead of a positive one on the left side, the

number of possible configurations can be obtained from equation (7) by replacing v; with v,

Ly — 1 gy — 1
s s+a6—1)

The energy Eo for a system of two neighboring magnetic moments in this approach is considered

and vice versa:

to be zero if the moments are aligned. If the magnetic moments of two neighboring lattice sites
point in opposite direction, the energy of those two lattice sites is ™. This way, for a configuration

o; of certain s and &, the energy becomes

Eo(o;))= 2s+6).¢ - (9)

The energy E1 of the system corresponding to the magnetic energy of the system in an external
applied magnetic field 2 is

E.=(M-vyyB (10)
Combining equations (7), (8), (9) and (10), the partition function Z is obtained as

SR (o) [ i B G [ i

1,103,880

. E—.-;?['[Qs+<5,’|£+{vg—m 1B) }

In equation (11), the sum is over all possible values of the considered variables under the
condition of (6). In order to solve this sum, the original approach of E. Ising considers following
function

FO) = ZRoZ) XY e (12)
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where X is a variable without physical meaning and Z(N) is regarded as function only depending
on the number of lattice sites N. The calculation of (12) gives
2x[cos a—(1—exp (—B&))x
F(X) — [ (1—exp(=pe)x] (13)

1-2cosa.x+(1—exp (—2p¢))x?

with a = $B. By partial fraction decomposition, (13) is developed in orders of x and the

coefficients corresponding to x" are

—2c

N
Z(N)= L‘[(C‘DS(EI] +1/sin?() + CW) +c9 ( cos(ar)—

The coefficients ciand cz2do not enter into the solution since c1(2)= O(1) for all « and
((costa) - Vsin2(0) + Rl ) <1

(5), the magnetization M of the one-dimensional ferromagnet is

the second term vanishes for large N. In this way according to

Nsin a
M —7F

VsinZa+ekBT

For the external magnetic field B becoming zero, it is clear that « — 0 and the magnetization M
therefore vanishes. This implies that the spontaneous magnetization Mo is zero at any
temperature and the Ising model therefore shows no phase transition in one dimension.
This result can also be understood qualitatively by following argument if the linear chain of
molecules would be in an ordered state, i.e. all magnetic moments point in the same direction, at
finite temperature T, there could always occur a flip of one of the magnetic moments due to
thermal fluctuations.
A flip of one magnetic moment somewhere in the middle of the chain would allow the magnetic
moments on one side or the other to entirely flip simultaneously since the Ising model considers
only next neighbor interaction. Hence, in one dimension, a single flip of a magnetic moment can
break the communication between one half of the chain and the other and therefore lead to a
disordered state even at low (but finite) temperature T.
Using equations (3) and (5) yields the magnetization M as

ek1sinh (H)
Je2klsinh2(H)+e—2k1

M(HT) =
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5.4Two-dimensional Ising model

The transfer matrix formalism yielded the partition function Z of the one-dimensional Ising
model by finding the transfer matrix V and determining its largest eigenvalue. The transfer

matrix V in one dimension is decomposed into the matrices Viand V2:

Ky —Ky H
, e e . : 0
1..-1 _ K K ] : 12 _ [ € . ] ‘
e ! et 0 e
-------------- 1)

These matrices (1) can be expressed in terms of the Pauli matrices 1, t*, t¥and 77 by

V, =1le+ e (2)

And

V, = 1L.cosh(H) + % sinh (H) - ©)
For all Pauli matrices and T any number a

Exp (at? ) = 1 cosh (8) + ¢! sinh(a) - @)

is valid. Using (4), Viand V2can be rewritten as

V; = (2 sinh (2k.))"?*exp(k, ¥ ) and

V, = exp(Ht?) e (5)
The formulation of the decomposition matrices V1 and V2 of the one dimensional transfer matrix
in terms of Pauli matrices T allows for the generalization to the two dimensional lattice. For the

Ising model in two dimensions, here, two different bond strengths J1 and J2 within the lattice are
considered (see figure ) which is the reason why the lattice is called a rectangular lattice instead
of a square lattice (J = J2). In two dimensions, one has to sum over 2" possible configurations of
each row instead of the two possible orientations of the magnetic moment. Therefore, the

decomposition matrices Viand V2 (5) in two dimensions become
V; @ = (2 sinh k)2 exp(k, Y. 7,,* ) and -------- (6)
Vo = ep(HETR®) e (7)
where the Tmi are no longer the Pauli matrices, but the direct product

T, = 1X...... XIX T8 X1IX ... x1 s (8)
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with the Pauli matrix 7 at the m-th position. In two dimensions not only the molecular
interaction between the N rows but also the interaction between the M columns has to be taken

into account. This is done by V3 @
2) _
Vi @ = eXp (kZZ Tm” Tm+1z) """ (9)
the matrices V' @ , V> @ and V3 @ are 2™ x 2M matrices that yield the transfer matrix V

) for the two-dimensional Ising model as
2) _ 2 2) \1/2 2 2 2) \1/2
v® = (VZ() VS() ) Vl() (Vz() VS() )
The partition function is obtained immediately as
zZ=twpveyr (10)
Although the formulation of the partition function by the transfer matrix formalism is finished,

the exact result still has to be calculated.

5.5 Brownian motion - Langevin’s theory

Consider the simplest case of a ‘free’” Brownian particle, surrounded by a fluid
environment; the particles is assumed to be free in the sense that it is not acted upon by any other
force except the one arising from the molecular bombardment.

The equation of motion of the particle will be
dv
M — = Z(t) - (1)

Where M mass of the particle, v(t) particle velocity, f(t) force acting upon the particle by virtue

of the impacts from the fluid molecule.

dv 1%
ME = —E+F(t)

F®) =0 e 2)

Taking the ensemble average of (2) we obtain
d 1
M—w=--w €©)
Whence

(w®) = v(exp (=) e @
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7= MB
The mean drift velocity of the particle decays, at a rate determined by the relaxation time 7 to the

ultimate value zero.

Dividing (2) by the mass of the particle, we obtain an equation for the instantaneous acceleration,
dv v
% T3 + F(t)

An=0 e ©)

The scalar product of(5) with the instantaneous position r of the particle and take the ensemble

average of the product.

Ly + 2 207 = 20 e ©)

V2 is replaced by 3kT/M. the result is

6KT >
M

(r?) =——=L-(A-exp (-2} - ™

First time derivative is vanish, we observe that t <<t

(r2) ~ 22
= (w?) t2 e (8)
e ©)
Fort>>1
(r?) = 3';;’ t = (6BKkT)Yt e (10)

Relationship between the coefficient of diffusion D and the mobility B

D=BkT e (11)
If we consider a particle of chare e and mass m moving in a viscous fluid under the influence of
an external electric field of intensity E, then the ‘coarse-grained ’ motion of the particle will be

determined by the equation,

M (W)= — — () +eE (12)
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From equation (11)

D — (13)

e
Replace the time variable t in equation (5) by u, multiply both sides of the equation by exp(u/ t)

rearrange and integrate over du between the limits u = 0, and u=t,

V(t) = v(0)e /7 + e/t fot e“" Atwdu e (14)
The average drift velocity is given by the first term from (14)
A(w) =0
w®)=v0e " (15)

From equation (14)

WD) = v2(0)e * + 2¢77 [v(0) [} ev AQwdu] +

2t ug +uy
e v ffoteT AwDAw)dudu, 000 s (16)
I.  In stationary ensemble the function k(uy,u;) depends only on the time interval (u;
—u;). Denoting this interval by the symbol s, we have
K(u, ui+s) = (A(uqy). A(uy +5)) = k(s) -~ (17)
Il.  The quantity K(0) which is identically equal to the mean square value of the

variable A at time u; must be positive definite.

K () = constant>0  --memeeee- (18)
I1l.  For any value of s, the magnitude of the function K(s) cannot exceed K(0).
K(s)| <K(0) foralls e (19)
IV.  The function K(s) is symmetric about the values s = 0.
K(s) = Ks) = KI&®D) s (20)

V. As s become large in comparison with the characteristic time t* the values A(u;)
and A (u;+s) become uncorrelated
K@) = (A(u). A(wy +5)) — (A(wy). A(wy +5)) = 0---(22)

Double integral appear in equation (16)

u1+u

| = ffote — Ku, — u)dudu, - (22)
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Changing over to the variables

S = 2(u + up)

S=(u-w) e @)
L= e/ ds (TR (s) ds+ J) e/ ds [RE K (s) ds (2t
| = Cfo es/* ds
= czi(er/T ) — (25)
Here
C = ffooo K(s)ds e (26)
Substituting (25) into (16) we get
WD) = v2(0)e T +C (/T —1) e 27)
t— oo, (v2(t))  must tend to equipartition value 3kT/M
C=6kTIMT el (28)
W2(0) = v?(0) + £ — V(02T e (29)

Substituting (29) into the right hand side of (6) we obtain the representative description of the

manner in which the quantity(r2) varies with t,

S 2 20 = 2RO+ L (1) 0
dt T
With solution
(r2) = v2(0)72 (L-e?/) -2 12 (1) 3T +5 5T (3D)

The solution (31) satisfies the initial conditions that both (r2) and its first time derivative

vanishes at t=0.
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5.7 The Fokker-Planck equation:
Consider the behavior of a dynamical variable, such as position r (t) or the velocity v(t) of
a Brownian particle, from the point of view of fluctuations in the value of the variable.
The displacement x (t) of the given set of particles along the x-axis .
At any time t, let f (x,t) dx be the probability x and x+dx. The function f(x,t) must satisfy the

normalization condition

2 feot)dx=1 e (1)
The master equations is
af(x B — [ SO OW (X)) + f(x', )W (x', x) }dx' —-(2)
af(x't) _ f_ fO
ot ¢ @)

Where W(x,x”) dx’8t denote the probability that in a short interval of time &t a particle having
displacement x makes a ‘transition’ to having a displacement between x’ and x’+dx’.

Which has proved to be very useful first approximation for studying problems related to
transport phenomena. f, denotes the equilibrium distribution function, 7 is the relaxation time
that determines the rate at which the fluctuations in the system drive it to a state of equilibrium.
The transition probability function W(x,x”) is sharply peaked around the value x’=x and falls

rapidly to zero away from x. denoting interval (x’-X) by & may write,
W(xx") - W(x; §)

Wx'x)-»-Wx'-& e 4)

Expand the right-hand side of (s as) Taylor series around & =0. Terms up to second order only,

% {yl(x) f )} + 575 5 (1 (0f (0} ()

Where uy (x) = f_oooo &2 W(X; €)

— (8x)
TSt

=) e 6)
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w0 =[5 82 W(x; €)

((6)%)
=e2 ™)

Equation (5) is called Fokker — Planck equation which occupies a classic place in the field of

Brownian motion and fluctuations.
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